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The Omega intracule is a three-dimensional function that describes the relative positions, momenta,
and directions of motion of pairs of electrons in a system. In this paper, we describe the computation
of the Omega intracule for a molecular system whose electronic wave function is expanded in a
Gaussian basis set. This is followed by implementation details and numerical tests. Finally, we use
the Omega intracules of a number of small systems to illustrate the power of this function to extract
simple physical insights from complicated wave functions. © 2007 American Institute of Physics.
DOI: 10.1063/1.2746028
I. INTRODUCTION
The electronic wave function of a molecular system is a
complicated multidimensional object, depending explicitly
on the coordinates of all the electrons and parametrically on
the positions of the nuclei, and this makes it difficult to in-
terpret and impossible to visualize. Extracting reduced-
dimension functions that contain the key physical informa-
tion from a molecular electronic wave function is desirable
for two reasons. First, such functions can be easily visual-
ized, thus giving an intuitive understanding of the behavior
of the electrons. Second, they may provide a foundation for
the development of new approaches to electronic structure
theory.
The first reduced-dimension function constructed from
an electronic wave function was the one-electron density,
r. This three-dimensional function is easily visualized
and, upon analysis, yields information about chemical bond-
ing in a system, according to the local buildup or depletion
of electron density. Following the discovery of the
Hohenberg-Kohn theorem,1 which states that the exact en-
ergy of the ground state of a system is a unique functional of
the exact electronic density, r has been used as the foun-
dation of an entire class of models for calculating electron
correlation energies, the density functional theories DFTs.
A large number of density functionals have been developed
and tested, and DFT is now a well-established paradigm
within the quantum chemistry community.
Subsequently, we2–10 and others11–52 have investigated
reduced-dimension functions that retain explicit two-electron
information. The most familiar of these functions are the
two-electron position density r1 ,r2 and the two-electron
momentum density p1 ,p2. These can be reduced further
to give the position intracule Pu, which is the probability
density for the relative distance u= r1−r2, and the momen-
tum intracule M, which is the probability density for the
relative momentum v= p1−p2. Such intracules are much
simpler to visualize and interpret than their parent two-
electron probability densities.
Recently, we have introduced a family of intracules that
contain information about both the relative positions of the
electrons and their relative momenta.5–8 The Omega intrac-
ule u ,v , measures the probability that two electrons
will be found at a distance u, moving with relative momen-
tum v, and with a dynamical angle  where u ·v=uv cos .
The Wigner intracule Wu ,v and Angle intracule  can
be obtained by integrating u ,v , over  or over u and v,
respectively.
Although the Omega and Wigner intracules are not true
probability densities, for the existence of a wave function in
phase space is forbidden by the Heisenberg uncertainty prin-
ciple, they possess many of the mathematical properties of a
true probability density. We have therefore postulated that
these functions may be used as the basis of a new type of
electronic structure model, in which the correlation energy is
obtained by contracting the intracule with an appropriate cor-
relation kernel.
In previous work, we have found closed-form expres-
sions for the Omega and Wigner intracules in atoms and
linear molecules.8 Through these, the variables u and v have
been relatively well studied, and both their physical meaning
and their importance in describing electron correlation are
becoming increasingly clear. In fact, we have demonstrated
that Wigner intracule functional theories have the potential to
estimate atomic correlation energies both accurately and
efficiently.8
The aim of the present work is to extend this approach
by giving details of the derivation and computation of
Omega intracules for more general molecular systems. Then,
by constructing and examining Angle intracules for a range
of atoms and molecules, we seek to develop an understand-
ing of the physical significance of the angle . Atomic units
a.u. are used throughout.
II. THEORY
A. The „u ,v ,… intracule
The ideal starting point for deriving a phase-space intra-
cule would be a phase-space wave function but, although
position-space and momentum-space wave functions are
well defined, the Heisenberg uncertainty principle forbids the
construction of one in phase space. Therefore, we turn in-
stead to the Wigner distribution,53
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 r1 + q1, . . . ,rn + qn*r1 − q1, . . . ,rn − qn
e2ip1·q1+¯+pn·qndq1 ¯ dqn, 1
which is a quantum phase-space density that possesses many
of the mathematical properties of a probability density but
which is not necessarily everywhere positive.
Because we seek two-electron information, we integrate
over the variables r3 to rn and p3 to pn to obtain the second-




 2r1 + q1,r1 − q1,r2 + q2,r2 − q2
e2ip1·q1+p2·q2dq1dq2, 2
where 2r1 ,r2 ,r1 ,r2 is the spinless reduced second-order
density matrix54 of the wave function.
The Omega intracule can then be extracted from W2 by
using Dirac delta functions to pick out the desired values of
u, v, and  and integrating to obtain










83  2r1,r2,r2 + u,r1 + ueiv·r2−r1
 	
uv − dr1dr2dudv. 3
If the wave function is expanded in a basis of one-





where abcd is a two-particle density matrix element. We
note that, for Hartree-Fock HF wave functions, two-particle
















where P and P are the HF alpha and beta density matrices.




where the Omega integrals
abcd = ad* u,vbcu,v	
uv − dudv 7
are formed from the phase functions
adu,v = 2−3/2 ardr + ueiv·rdr 8
by integration over the angular parts of u and v.
B. The †ssss‡ integral
To progress further, we must specify the form of the
basis functions. If one uses Gaussians, the resulting phase
functions 8 can be found in closed form. For example, un-
normalized s-type Gaussians, with exponents , , , and 	
on centers A, B, C and D, yield
adu,v = 2 + 2	−3/2 exp− 	
 + 	
A − D + u2
− i




4 + 		 , 9
bcu,v = 2 + 2−3/2 exp− 
 + 
B − C + u2
− i






























A − D +
2
 + 
B − C , 14









A − D2 +

 + 
B − C2, 16
the Omega integral 7 can be written as
ssss =
exp− 2u2 − 2v2 − iuv cos  − R
8 + 	3/2 + 3/2
 expP · u + iQ · v	
uv − dudv.
17
This can be reduced8 to the one-dimensional integral,







x + y cos tdt , 18
where
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C =
2u2v2 sin  exp− 2u2 − 2v2 − iuv cos 
 + 	3/2 + 3/2
,
19
x = Pu2 + iQv2 + 2PuiQvcos  cos  , 20
y = 2PuiQvsin  sin  , 21
and P ·Q= PQ cos  and i0x=x−1 sinh x. The above i0 inte-
gral can be accurately approximated using Gauss-Chebyshev





Pncos Pncos  , 22
where Pnz is the nth Legendre polynomial. This expression
provides a possible alternative route to calculating ssss
integrals.
C. Higher †abcd‡ integrals
Following Boys,55 integrals of higher angular momen-
tum can be formed by differentiating ssss with respect to





































Dz − Azssss +
C
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x + y cos t









x + y cos t

x + y cos t cos tdt	 ,
23
where i1z=z−1cosh z− i0z. It is straightforward, though
very tedious, to form expressions in this way for integrals of
higher angular momentum and we have derived and imple-
mented up to pppp integrals within a development version
of the Q-CHEM package.56 Once found, recurrence relations
will be much more satisfactory.
D. Bounds on †abcd‡ integrals
Because the total number of Omega integrals is On4,
where n is the number of basis functions, it is essential to be
able to avoid the computation of negligible ones.
If a and b are real, then i0
a+ ib increases monotoni-
cally with b and this yields the bound
ssss Cexp− Ri0
x ± y , 24
where the sign is taken from the imaginary part of x. We will
call Eq. 24 the four-center 4C bound and it is obviously
exact for all ssss with y=0. Unfortunately, although the
bound turns out to be strong, its computational cost is not
much smaller than that of ssss itself and it is thus of
modest practical use.
Alternatively, applying the Cauchy-Schwarz inequality
to Eq. 7 yields57
abcd BadBbc 25
where
Bad =  adu,v2	
uv − dudv	1/2. 26
We will call Eq. 25 the Cauchy-Schwarz CS bound and it
is obviously exact for all abab integrals. If both a and



























where RAD= A−D. Similar expressions can be found for
basis functions of higher angular momentum.
Because it is a product of precomputable two-center
quantities, the CS bound is valuable computationally. It is
clear from Eq. 28, for example, that ssss is negligible
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unless the internuclear distances RAD and RBC are both simi-
lar to u and it follows that, in a large molecular system, there
are only On2 significant Omega integrals. This is reminis-
cent of the analogous result58 for the more familiar Coulomb
integrals ab cd.








gives the distribution of , the angle between the relative
position vector, r12=r1−r2, and the relative momentum vec-
tor, p12=p1−p2. Three special cases are shown in Fig. 1. In
the first, where two electrons approach head on, we have 
=0. In the second, which is exactly the opposite, we have
=. For geometric reasons, such collinear motions have
vanishingly small probability densities in molecular systems
and therefore 0==0. In the third case, where the
electrons follow a circular orbit at the same speed, it is easy
to show that = /2. These three cases suggest a way to
interpret the Angle intracule: systems with electrons that tend
to orbit one another have intracules that are enhanced around
= /2; systems with electrons that tend to move collinearly
have intracules that are enhanced around =0 and =.
III. NUMERICAL TESTING
A. Bounds
In order to test the 4C and CS bounds, we computed all
the ssss integrals that arise from placing three Gaussian s
functions with exponents 6665.0, 21.06, and 0.1596 on the
vertices of the graphitic substructure shown in Fig. 2 rCC
=2.679 63. The exact value of each integral was computed
by applying Gaussian quadrature to Eq. 18, using the adap-
tive Gauss-Kronrod algorithm59 as implemented in
MATHEMATICA.60
Following Gill et al.,61 we measure the effectiveness of





over the set of ssss integrals. A strong bound has a power
profile close to unity; a weak bound has a profile close to
zero. We arbitrarily selected the point u ,v ,= 4,4 , /4
and expect that its profiles would be similar to those at other
intermediate points. We define a negligible integral as having
a value below 10−12 and report results only for non-
negligible integrals.
Power profiles for the 4C and CS bounds are illustrated
in Fig. 3. The performance of these bounds, as measured by
the the number of extra integrals calculated, is also summa-
rized in Table I.
Figure 3 reveals that the 4C bound is approximately an
order of magnitude stronger than the CS bound. Its superior
performance is also reflected in Table I, which shows that the
use of the CS bound leads to the calculation of 24% more
integrals than are required while the use of the 4C bound
leads to the calculation of only 6% more integrals than are
required. Nonetheless, whereas the 4C bound must be evalu-
ated On4 times, the CS bound is a product of two-center
quantities and therefore needs to be evaluated only On2
times. Therefore, for maximum efficiency we use the CS
bound to prescreen the integrals before invoking the 4C
bound to make the final decision on which integrals to cal-
culate.
TABLE I. The performance of the CS and 4C bounds, as measured by the









FIG. 1. Illustrations of three special values of .
FIG. 2. Graphitic substructure used in bound testing.
FIG. 3. Power profiles for 4C black and CS white bounds.
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B. Chebyshev quadrature
Although we have not been able to solve the integral









x + y cos j − 12n  31
and analogous quadratures are effective for the integrals over
the higher in.
This quadrature approach was tested on the disilane
Si2H6 molecule. The HF/6-311G wave function was calcu-
lated at the HF/6-311G optimized geometry rSiSi=4.423 11,
rSiH=2.797 98, 
SiSiH=110.362° with a self-consistent field
convergence cutoff of 10−5, and the number n of Chebyshev
points was incrementally increased until the calculated intra-
cule values converged to 11 decimal places. The results of
these calculations, for selected points on the Omega intrac-
ule, are presented in Table II.
Convergence is rapid for small values of u and v. Just
six quadrature points are needed to obtain 1,1 , /2 to 11
decimal places and the 1,4 , /2 and 4,1 , /2 values
also converge rapidly, requiring seven and nine points, re-
spectively. The 4,4 , /2 and 7,7 , /2 values exhibit
the slowest convergence, requiring 15 and 20 points, respec-
tively. Although there is a trend toward slower convergence
of the quadrature for higher values of u and v, this does not
pose a major problem in practice, for the magnitude of the
intracule also declines sharply with increasing u and v. As a
result, fewer significant figures are required for convergence
to a certain number of decimal places in this region, and
fewer quadrature points are needed. This is illustrated by the
TABLE II. Values of the HF/6-311G Omega intracule for disilane using n-point Chebyshev quadrature.
n 1,1 , /2 1,4 , /2 4,1 , /2 4,4 , /2 4,4 , /4 7,7 , /2 12,12, /2
2 1.609 806 529 83 5.697 924 174 56 7.539 155 741 57 5.908 026 311 03 3.963 730 580 01 0.568 863 312 11 0.000 022 448 38
3 1.610 230 343 47 5.697 894 920 39 7.561 478 350 87 5.907 139 273 48 3.966 818 278 06 0.567 901 344 59 0.000 022 449 24
4 1.610 222 352 51 5.697 892 537 90 7.559 239 767 61 5.908 443 803 42 3.966 650 428 04 0.568 024 990 14 0.000 022 449 23
5 1.610 222 467 36 5.697 892 515 28 7.559 294 901 39 5.908 312 474 18 3.966 660 066 98 0.568 182 207 65 0.000 022 449 23
6 1.610 222 466 65 5.697 892 515 36 7.559 294 030 24 5.908 361 429 80 3.966 659 052 56 0.568 151 210 68 0.000 022 449 23
7 1.610 222 466 65 5.697 892 515 42 7.559 294 062 24 5.908 347 422 79 3.966 659 030 06 0.568 079 089 10 0.000 022 449 23
8 1.610 222 466 65 5.697 892 515 42 7.559 294 061 05 5.908 348 761 76 3.966 659 019 90 0.568 115 890 42 0.000 022 449 23
9 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 796 65 3.966 659 026 26 0.568 110 195 93 0.000 022 449 23
10 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 812 76 3.966 659 025 19 0.568 109 671 38 0.000 022 449 23
11 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 797 76 3.966 659 025 23 0.568 110 061 90 0.000 022 449 23
12 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 64 3.966 659 025 25 0.568 109 982 94 0.000 022 449 23
13 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 69 3.966 659 025 24 0.568 109 992 08 0.000 022 449 23
14 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 58 3.966 659 025 24 0.568 109 983 37 0.000 022 449 23
15 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 59 3.966 659 025 24 0.568 109 993 44 0.000 022 449 23
16 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 59 3.966 659 025 24 0.568 109 987 03 0.000 022 449 23
17 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 59 3.966 659 025 24 0.568 109 989 78 0.000 022 449 23
18 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 59 3.966 659 025 24 0.568 109 988 90 0.000 022 449 23
19 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 59 3.966 659 025 24 0.568 109 989 12 0.000 022 449 23
20 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 59 3.966 659 025 24 0.568 109 989 08 0.000 022 449 23
Exact 1.610 222 466 65 5.697 892 515 42 7.559 294 061 08 5.908 348 800 59 3.966 659 025 24 0.568 109 989 08 0.000 022 449 23
TABLE III. Optimal Mura parameters.
u quadrature v quadrature
n  n 
H2 R=0 21 5.0 31 20.0
H2 R=1 21 5.0 31 20.0
H2 R=2.5 21 5.0 31 20.0
H2 R=3 31 5.0 31 20.0
H2 R=4 31 5.0 31 20.0
H2 R=10 51 10.0 31 20.0
He2 R=10 101 10.0 31 20.0
He 21 5.0 31 20.0
Be 21 5.0 31 20.0
CH4 61 4.0 91 50.0
NH3 51 4.0 81 50.0
H2O 51 4.0 81 50.0
HF 51 4.0 81 50.0
Ne 51 4.0 81 50.0
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12,12, /2 case, where only four quadrature points are
required to achieve convergence to 11 decimal places and
seven significant figures. Finally, we observe that
4,4 , /4 and 4,4 , /2 require a similar number of
points, suggesting that the convergence of the quadrature de-
pends only weakly on .
Overall, Chebyshev quadrature is well suited to evaluat-
ing abcd integrals, requiring a maximum of 20 points to
get convergence to 11 decimal places in the cases tested here.
Moreover, if we are content with seven decimal places, a
maximum of just 12 quadrature points is needed.
C. The „… intracule
The Angle intracule can be extracted from the Omega
intracule by numerically integrating over the variables u and
v. In the present work, we have used the logarithmic quadra-
ture grid of Mura and Knowles,62 enlarging each grid until
the  intracule converges to at least five decimal places.
Optimal Mura parameters for the systems studied below are
presented in Table III.
IV. RESULTS AND DISCUSSION
A. Dissociating H2
The Angle intracule  for two hydrogen atoms at





reflecting a purely geometrical distribution of  values.
Angle intracules for H2 were computed from UHF/6-311G**
wave functions, at a range of internuclear distances, and the
resulting differential intracules
 =  −  33
are plotted in Fig. 4. It is clear that the intracule around
= /2 increases monotonically as the hydrogen molecule
forms and eventually fuses into a helium atom and that this
growth occurs at the expense of the regions close to =0 and
=. This reveals that, as the bond forms, the two electrons
tend to orbit each other more.
B. He···He and Be atom
Angle intracules for the helium dimer R=10 and Be
atom were calculated from HF/6-311G wave functions and
differential intracules for these systems are shown in Figs. 5
and 6. Because the four-electron systems He2 and Be are
more complicated than H2, we have partitioned their intrac-
ules into two-electron components. The He2 intracule was
split into intra- and interatomic components, and the Be in-
tracule into orbital-pair components. As in the H2 case
above, our base line is an appropriate multiple of .
Figure 5 reveals an enhancement near = /2 for the
intra-atomic intracule component, similar to that for the
“fused” H2 case discussed above. As one might expect, the
interatomic component is indistinguishable from .
The orbital-pair components of the Be intracule, shown
in Fig. 6, display more complex behavior. The 1s /1s and
2s /2s components show enhancement near = /2, but the
1s /2s curve is depleted in this region. The similarity of the
1s /1s component to the intra-atomic intracule in Fig. 5 is not
surprising but it is interesting that both the size and shape of
the 2s /2s component are significantly different. This sug-
gests that the 2s electrons deviate more from the simple cir-
cular model Fig. 1 than the 1s electrons, which, in turn,
suggests that the position and momentum distributions of the
2s electrons are more anisotropic than the 1s ones.
The shape of the 1s /2s component cannot be explained
by the circular model, for the mean distances of the electrons
FIG. 4.  for H2 at HF/6-311G**, for various interatomic distances R
in a.u.
FIG. 5.  for He2 R=10 a.u. at HF/6-311G.
FIG. 6. Orbital-pair components to  for the Be atom at HF/6-311G.
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from the nucleus are no longer equal. However, if the elec-
trons are assumed instead to move in orbits with different
radii and momenta Fig. 7, it is easy to show




and, if p1= p2, this reduces to




We see that, as 
 varies,  takes all values between 0 and
 /2 and we conclude that radial inequivalence of the two
electrons leads to a depletion near = /2. This is likely to
be responsible for the shape of the 1s /2s component.
As the intracule for any atomic or molecular system can
be expressed in terms of shell-pair components, we expect
that the intracules of systems with a greater number of inter-
shell electron pairs will be relatively depleted about  /2,
while the intracules of systems with a greater number of
intrashell electron pairs will be relatively enhanced about
 /2.
C. Isoelectronic molecular species
The Angle intracules of CH4 rCH=2.05, NH3 rNH
=1.91, 
HNH=107.0°, H2O rOH=1.81, 
HOH=104.4°, HF
rHF=1.73, and Ne were calculated from their HF/6-311G
wave functions, and  plots relative to the Ne atom are
shown in Fig. 8. As we move from Ne to CH4, the intracule
becomes progressively more depleted near = /2 and en-
hanced near =0 and =. This is reasonable, suggesting
that some of the circular motion of electron pairs in Ne a
spherical system is replaced by collinear motion in CH4 a
system with four  bonds. The molecular species HF, H2O,
and NH3 lie between these two extremes, and their intracules
vary according to the number of  bonds that they contain.
D. Geometry dependence
Angle intracules for the angle-bending mode of water
rOH=1.81 and the umbrella mode of ammonia rNH
=1.91 were calculated from HF/6-311G wave functions, and
their differential intracules
 =  − planar 36
are plotted in Figs. 9 and 10. In both cases, we observe
depletion of the intracule about = /2 and enhancement
near =0 and = as the molecule deviates from planarity,
suggesting that the planar molecule is somehow “more
spherical” than its nonplanar counterparts. As the nature of
the O–H and N–H sigma bonds is not expected to change
greatly with molecular distortion, we suspect that it is the
behavior of the lone pair electrons that is the major factor
contributing to the change in the intracule. Specifically, we
FIG. 7. Two particles orbiting a common center.
FIG. 8.  for the CH4, NH3, H2O, and HF molecules, relative to the
Ne atom, at HF/6-311G.
FIG. 9.  for water at HF/6-311G, for various values of the internal
angle 
HOH in degrees.
FIG. 10.  for ammonia at HF/6-311G, for various out-of-plane dihe-
dral angles 
oop in degrees.
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attribute the change in the intracule to a change in the local-
ization of the lone pair electrons, which are free to orbit the
linear water and planar ammonia conformers, but get con-
fined to spatially localized orbitals in the bent water and
nonplanar ammonia conformers. This result suggests that
systems with greater electron delocalization, such as
-bonded molecules, will have stronger “orbiting” character
than their -bonded counterparts. This conjecture will be ex-
plored in the following section.
E. -versus  bonding
The Angle intracules of HCCH, HCCH2+, and HCCH4+
rCC=2.27, rCH=2.01 were calculated from their HF/6-311G
wave functions, then normalized by the number of electron
pairs. The normalized HCCH4+ intracule was used as a base
line for the  plots shown in Fig. 11. From this figure,
we observe that as the  orbitals become occupied moving
from HCCH4+ to HCCH2+ to HCCH, the intracule builds up
around = /2 and depletes near =0 and =. This is
entirely consistent with our previous observations that sys-
tems with delocalized electrons are more spherical than
highly localized systems, and that this can be quantified as an
enhancement of the Angle intracule about  /2.
V. CONCLUSIONS
The Omega intracule u ,v , is a rich function that
distills key physical information from the complexity of a
full multidimensional electronic wave function. It captures
critical information about the relative positions u and mo-
menta v of the electrons and these play a major role in un-
derstanding electron correlation effects. The distribution of
the angle  appears to reflect the nature of the bonding in the
system and may be useful in modeling subtler correlation
effects. We are exploring this possibility.
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